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This paper demonstrates a novel two-phase approach to the preliminary structural design of grid shell
structures, with the objective of material minimization and improved structural performance. The
two-phase approach consists of: (i) a form-finding technique that uses dynamic relaxation with kinetic
damping to determine the global grid shell form, (ii) a genetic algorithm optimization procedure acting
on the grid topology and nodal positions (together called the ‘grid configuration’ in this paper). The
methodology is demonstrated on a case study minimizing the mass of three 24 � 24 m grid shells with
different boundary conditions. Analysis of the three case studies clearly indicates the benefits of the
coupled form-finding and grid configuration optimization approach: material mass reduction of up to
50% is achieved.

� 2013 Elsevier Ltd. All rights reserved.
1. Introduction

In the last two decades new leisure and transportation facilities
have experienced the emergence of free form architecture;
complex curved surfaces are envisaged covering extensive unob-
structed spaces. Grid shells offer a unique solution to this design
challenge. In literature the wording ‘reticulated’, ‘lattice’ and ‘grid’
shell are largely interchangeable. In this paper, the authors refer to
this type of shell as a ‘grid’ shell. A grid shell is essentially a shell
with its structure concentrated into individual linear elements in
a relatively thin grid compared to the overall dimensions of the
grid shell. The grid may have more than one layer, but the overall
thickness of the shell is small compared to its overall span. The
structures considered in this paper are limited to single layer steel
grid shells. In reviewing the design of recently realized single layer
steel grid shells (e.g. Nuovo Polo Fiera Milano by Massimiliano
Fuksas [1,2], Mur Island by Vito Acconci [3]) the driving design
factor more often seems to have been architectural scenographic
aesthetics rather than structural performance [4]. The sculptural
design intent in architectural geometric processing can be appreci-
ated for its inventiveness of plastic forms and mesh generation but
thus far not for its consideration of gravity loads. The integration of
structural considerations in architectural geometry processing is
considered one of the most important future research topics in
architectural geometry [5]. Free form shapes more often than not
lead to unfavorable internal forces: under loading they do not al-
low membrane stresses to develop within the surface, while the
grid configuration is driven by visual conventions rather than a
clear structural rationale. These factors often result in structural
inefficiency and higher associated construction cost. In the 20th
century both architects and engineers [6–8] experimented with
physical form-finding techniques that, for a given material, a set
of boundary conditions and gravity loading found efficient three
dimensional structural shape. The importance of finding a funicu-
lar shape for steel shells lies in the fact that the evenly distributed
gravity loads contributes largely to the load to be resisted. The grid
elements need to be loaded axially to make most efficient use of
the element cross section. Numerical form-finding techniques
(force density [9], dynamic relaxation (DR) [10,11]) have been suc-
cessfully applied to weightless systems whose shape is set by the
level of internal pre-stress and boundary supports. However when
it comes to funicular systems whose shape is not determined by
initial pre-stress but by gravity loads (such as the case for masonry,
concrete or steel shells) fewer numerical methods have been
developed. Kilian and Ochsendorf [12] presented a shape-finding
tool for statically determinate systems based on particle-spring
system solved with a Runge-Kutta solver. Block and Ochsendorf
[13] published the thrust network analysis to establish the shape
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Fig. 1. A configuration of three grids of varying orientation with common nodes.
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of pure compression systems. Once the overall grid shell form is
established the choice of the grid configuration remains an
important, often neglected, question for the structural designer.
Often the grid configuration generated by computer aided design
software is transposed to the structural system. Triangulated grids
are the most basic and intuitive means of configuring the grid on a
curved surface. However, this grid is not necessarily the most
structurally efficient choice for a given global form: triangulated
grids tend to be more costly per square meter [5], since not all
elements are necessary for structural stability. Quadrangular grid
configurations with planar faces are a good alternative to triangu-
lated grids. Adriaenssens et al. [3] used a strain ernergy origami
approach to enforce planar face constraints in the form-finding of
an irregular configured grid shell to achieve ideal planarity of the
faces. The grid shells considered in the present paper are (conser-
vatively) modeled with negligible moment stiffness in the connec-
tions, so that a degree of triangulation is necessary to brace the
shell. A very general grid can be achieved by combining quadrilat-
eral grids with varying orientations (Fig. 1). Starting from a general
grid, the configuration of the elements can be optimized to achieve
improved structural behavior of the shell and reduce unnecessary
structural elements while adhering to cladding constraints. In or-
der to not be restricted to the standard grid configuration,2 the ex-
act nodal positions on the global form of the grid shell surface can
also be varied (referred to here as ‘‘shape optimization’’) to optimize
the distribution of the nodes, while discrete topology optimization
can explore the full search space of possible connectivities (elements
between nodes) of grid shell elements. Shape optimization of dis-
crete structures (such as grid shells) has been carried out using tech-
niques including linear programming [14] and conjugate gradient
optimization Gil et al. [15]. Discrete truss topology optimization
has also received attention including research by Beckers and Fleury
[16] using a primal dual approach, Giger et al. [17] using a graph-
based approach, Lamberti [18] using simulated annealing, and
Rasmussen and Stolpe [19] using cut-and-branch method. Genetic
algorithms (GAs) for topology optimization have been extensively
applied to planar trusses [20–24]. However, recently researchers
have turned their attention to the optimization of three dimensional
discrete systems including spatial structures [25] and grid shells [2].
Saka [26] used GA’s to optimize the number of rings, element cross
sections and the height of geodesic domes. Lemonge et al. [27], used
GA’s to solve a weight minimization problem for a dome structure,
with variable element sizes. Kaveh and Talatahari [28] used Charged
System Search to optimize the dome crown height, element cross
section sizing and, to a lesser extent, the topology of geodesic domes.
2 In this study ‘grid configuration’ refers to the grid shell topology and noda
positions. ‘Configuration optimization’ is achieved by variation of topology and shape
variables in order to optimize the grid configuration on the global form of the grid
shell.

3 As the form-finding procedure in this paper aims at moment elimination in the
surface under the loadings considered in the form-finding and optimization, only
axial forces are expected in the elements and connection nodes. The intersection o
central axes of the elements at a node go through one single point, minimizing
l

Only limited research has focussed specifically on grid shell optimi-
zation, such as a multi-objective optimization scheme developed by
Winslow et al. [29] for free form (not form found) grid shells, in
which the element orientations are variable.

The present paper represents a novel, more general approach to
preliminary design of grid shell structures by combining form-
finding with grid configuration optimization techniques. The paper
is organized as follows: after formulating the problem statement,
the two-phase design methodology is outlined with description
of the form-finding and optimization techniques. A case study of
6 � 6 grid shells demonstrates the presented methodology, illus-
trating its usefulness as a design tool for preliminary design of grid
shells. The paper concludes with a discussion of the results of the
case study and suggestions for future work in the field of grid shell
optimization.
2. Problem statement

Of all traditional structural design variables (ranging from
material choice, element cross section, nodal positions, global
geometry, topology, support conditions), the global geometry
mostly decides whether the grid shell will be stable, safe and stiff
enough [3]. The shell spans large spaces with a fine structural
network of individual small elements. Shell bending needs to be
avoided by finding the ‘right’ shape so that, under an evenly dis-
tributed gravity load, only membrane action should result. Once
a ‘right’ global structural form is found, the search space of all
nodal positions is established. The exact nodal positions and ele-
ment topology can be varied to achieve specific objectives such
as minimizing the material mass for a given global form.

Four structural constraints are considered in this study: (i) max-
imum normal stresses, (ii) local element buckling, (iii) total deflec-
tion of the grid shell, and (iv) global buckling of the structure.
These constraints were selected on the basis of the importance of
respecting these constraints at a preliminary design stage, while
other constraints (such as dynamic constraints) are relevant at a la-
ter design and stage fall outside the scope of this paper. All values
of the constraint quantities are obtained using a finite element
analysis (FEA) with linear elastic isotropic truss elements,3 using
the software package FEAP ([30]). Bounds on the shape variables
are set to ensure that maximum cladding dimensions are respected.
The maximum element stress is constrained using the relation:
rmax � jrijP 0, where rmax is the maximum allowable (yield) stress
of steel, and ri is the stress in element i. The local Eulerian buckling
constraint is rcr

i þ ri
� �

P 0, where rcr
i ¼

ðp2EiIiÞ
ðAil

2
i K2Þ

. Here Ei is the Youngs
modulus of steel for element i, Ii the area moment of inertia of the
cross section of element i, Ai the area of the cross section of element
i, li the length of element i and K the effective length factor (here ta-
ken as K = 0.9) associated with the connections between elements. In
built structure the steel elements will be welded to one another at
the nodes offering some moment resistance. The value chosen for
K is thus somewhat conservative. The total deflection of the grid
shell is constrained to dmax

z ¼ 1
200 of the minimum span. The vertical

components of the displacements calculated from the FEA are there-
fore limited: dmax

z � dj;z P 0, where dj,z is the vertical displacement of
the grid shell at node j under a given load. A simple method for
applying the global bucking constraint is used, as suggested by
Ben-Tal et al. [31]. The reader is referred to this reference work for
a detailed explaination of the method. Using this method the con-
straint can be stated as K + G � 0, where G is the so-called geometric
moment caused by element eccentricities.
f
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stiffness matrix, dependent on the deformed shape. Finally the nodes
are constrained to a range around their initial position, for both x and
y coordinates of node j: (Dxmax � jDxjj) P 0 and (Dymax � jDyjj) P 0,
where node j is not on the fixed boundary of the grid shell and
Dxmax,Dymax are limit values selected by the designer, taking the
maximum size of the cladding into account. All quantities of interest
(objectives, constraints) are output responses that depend on the de-
sign variables. The set of all possible values of combinations of de-
sign variables forms the ‘design space’ or ‘search space’.
Fig. 3. Chromosome representation of a four node structure. Entries in the
chromosome correspond to shape variables (coordinates of nodes) and topology
variables (existence or non-existence of elements).
3. Approach

A two-phase approach for grid shell design is presented that, for
a set of boundary conditions and constraints, establishes a struc-
turally efficient shell form and grid configuration: Phase 1 involves
a form-finding to achieve a shell shape that only experiences mem-
brane stresses under an evenly distributed gravity load, followed
by Phase 2, a fine tuning of the local geometry (at nodal and con-
nectivity level) through a topology and constrained shape optimi-
zation (Fig. 2).

An important structural design challenge lies in the determina-
tion of a three dimensional curved surface that will hold the grid
shell. For the form-finding procedure in this paper the DR method
with kinetic damping usually used for pre-stressed systems, was
adapted to yield 3D funicular systems with tension and compres-
sion elements under gravity loads. The grid configuration optimi-
zation phase occurs based on GA’s. The capability to handle
variables of different types (such as both continuous and discrete)
at once is one of the great strengths of GAs as an optimization pro-
cedure. Fig. 3 shows a chromosome representation of the shape
and topology variables for a four node, two dimensional truss. Each
entry in the chromosome refers to one of the variables considered.
In the example the first four entries correspond to the shape
Fig. 2. A two-phase approach: (i) a dynamic relaxation procedure with kinetic
damping provides the grid shell geometric input for (ii) the optimization loop
consisting of a genetic algorithm optimizer coupled to a finite element analysis.
variables x1, y1, x2 and y2, the coordinates of nodes 1 and 2 (in 2
dimensions). The remaining entries in the chromosome correspond
to the elements defined by the nodes they connect. The binary 0/1
topology variables refer to the existence or non-existence of the
element.

An FEA is coupled to the optimization loop and is called at least
once per iteration of the GA. When implementing discrete topology
optimization problems one constraint is particularly problematic.
The kinematic stability of a discrete structure such as a grid shell
is intimately linked to the topology variables. Randomly generated
grid shell topologies are almost always kinematically unstable [32]
since they tend to produce poorly connected structures with mech-
anisms. Richardson et al. [32] presented a method for dealing with
this phenomenon by introducing into initial population of the GA
structures with guaranteed kinematic stability and so-called ‘‘kine-
matic stability repair’’. Single layer grid shell systems are large net-
works, containing many nodes and relatively few elements
between the nodes. Allowed connectivities between nodes must
ensure that the grid shell remains a single layer system (as in
Fig. 4a as opposed to Fig. 4b), without elements overlapping (such
as in figure). A randomly generated initial population may leads to
convergence problems: the GA struggles to find solutions which
can be suitably evaluated, since they contain mechanisms. By using
an initial population of predominantly kinematically stable grid
shell systems this problem is alleviated. Fig. 5 illustrates one algo-
rithm for generating a stable initial population. Other strategies,
such as grid triangulation schemes, are also possible. For a detailed
description of the initial population generation schemes the reader
is referred to Richardson et al. [32].
4. Two-phase approach to the preliminary design of single layer
grid shells

4.1. Form-finding of grid shells

The adopted form-finding method, DR with kinetic damping, is
a numerical procedure that solves a set of nonlinear equations
[10]. Summarized, the technique traces the motion of the struc-
ture through time under applied loading (evenly distributed grav-
ity load in the case of grid shells). The technique is effectively the
same as the Leapfrog and Verlet methods which are also used to
integrate Newtons second law through time. The basis of the



Fig. 4. Cross sections of single layer and non-single layer grid shell systems.

Fig. 5. An example of how kinematically stable grid shell designs in the initial population can be generated. The figure represents a segment of a symmetric grid shell with
two planes of mirror symmetry, one in the x � z and one in the y � z plane. (1) A stable core structure is first produced. (2 and 3) Groups of elements are added onto the stable
core to incorporate other nodes. (4) Once all nodes are connected the procedure is stopped. Repeating this topology according to the symmetry of the structure generally leads
to a kinematically stable grid shell.
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method is to trace step-by-step for small time increments, Dt, the
motion of each interconnected node of the grid until the structure
comes to rest in static equilibrium. The general DR algorithm is
shown in Fig. 6. All grid elements i are assigned values for their
axial stiffness EiAi. The shell edge elements are assigned higher
stiffness values to model the boundary arches. The motion of
the grid is caused by applying a fictitious, negative gravity load
at all the grid nodes. During the form-finding process the values
of all numerical quantities (EA and load) are arbitrary since it is
only their ratios that effect the shape. This process is continued
iteratively to trace the motion of the unbalanced grid shell. Kine-
matic damping is introduced to hinder oscillations, by setting all
the nodal velocities to zero when a kinetic energy peak is de-
tected. The process will never truly converge, but once the resid-
ual forces are below a certain tolerance, convergence has occurred
for all practical purposes. At that point, a shape is achieved that is
in ‘static equilibrium’ and the ‘correct’ spatial form is found. This
form is the basis for the geometric constraint on the shape vari-
ables in the GA, while the element configuration used in the
form-finding defines the allowed connectivities, the search space
of the topology variables.
4.2. Grid configuration optimization of grid shells

4.2.1. Topology variables
In this study the ‘ground structure’ defines the allowable con-

nectivities, i.e. the topological design search space. The topology
variables are treated as discrete binary variables, selected from
the design set V = 0, 1. The cross section properties can in principle
be freely chosen, however this choice should be taken into account
in the formulation of the constraints.

4.2.2. Shape variables
The shape variables relate to two of the three Cartesian coordi-

nates of the nodes. These shape variables can be either continuous
or discrete as opposed to the topological which are binary. A geo-
metric equality constraint is placed on the vertical coordinate of
the nodes, as a function of the two horizontal coordinates x = [x, y]:

hðxÞ � z ¼ 0 ð1Þ

where h is the expression of a smooth, continuous surface through
the nodal coordinates defined by the form-finding procedure and x,
y are two Cartesian coordinates on a horizontal plane. A Moving



Fig. 6. Algorithm for DR with kinetic damping used in Phase 1 of the two-phase method.

Fig. 7. Nodal shape variable interpolation: for a given set of original nodal positions (0), an imaginary surface is defined through these points (1). For a change in nodal
coordinate Dx, the z coordinate is found on the surface (2).
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Least Squares (MLS) [33] interpolation scheme is used to approxi-
mate h(x) (Fig. 7). Limits are placed on the shape variables to avoid
overlapping of nodes or nodes switching position. MLS consists in a
generalization of the least square technique. Starting from a set of
reference points {x(i), i = 1, . . . , N} with the corresponding values
of the scalar outputs z(i) (supervised learning), the moving least
square approximation of the ‘‘exact’’ or ‘‘high-fidelity’’ function z(x).
4.2.3. Symmetry reduction
Many grid shell forms display, for example radial or mirror

symmetry. This symmetry may be exploited to reduce the number
of topology and shape variables, by grouping variables which are
equivalent with respect to the symmetry of the grid shell. The vari-
ables in these groups are then assumed to have the same values,
effectively reducing the size of the search space.
4.2.4. Nodal loading
Building codes prescribe load cases and combinations that need

to be considered in the analysis of a grid shell. These include evenly
distributed loading, asymmetric loading and point loads. From the
point of view of the designer the choice of loading to consider in
the optimization process is important. The form-finding procedure
considers a single load case: an evenly distributed loading. For the
sake of consistency an evenly distributed loading that would
typically represent the dominant load case (in this case an evenly
distributed static load such as snow and an approximation of the
self-weight of the entire canopy) is used. The cladding transfers
the loads to the nodes of the grid shell. This loading will be
proportional to the horizontal projection of the surface area carried
by the node, and is therefore a function of the geometrical posi-
tions of the nodes, which are variable. An automated scheme, such
as a Voronoi decomposition of the horizontal plane projection of
the grid, allows for the calculation of the loading at each point in
the design space. A Voronoi diagram [34] is a spatial decomposi-
tion based on distances between a set of points (such as the grid
nodes). Fig. 8 demonstrates the relationship between the structural
nodes and the nodal load calculation based on projection of
Voronoi polygons. Once the Voronoi polygons corresponding to
each node have been assembled, their areas are calculated and
the loading transferred to an equivalent point load applied to the
node in the FEM analysis of the grid shell.
4.2.5. Algorithm convergence
In Phase 2 of the procedure GA selects a population of grid shell

designs, each described by a set of shape and topology variables.
After constructing a structural model (including the MLS approxi-
mation of the nodal positions and Voronoi diagram calculation of
the loading), each grid shell design in the population is evaluated
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Fig. 8. The nodes connecting structural elements (solid black lines), are projected
onto a horizontal surface (grey dashed lines). The Voronoi polygons are calculated
based on this projection and the relative area sizes translated to vertical point loads
on the nodes.

Fig. 9. A general framework of the GA used in Phase 2 of the method.

Fig. 10. The 6 � 6 grid shel

Table 1
GA parameters for the 6 � 6 grid shell problems.

Parameter Four sides
pinned

Two sides
pinned

Three sides
pinned

Num. topology
variables

19 39 70

Num. shape variables 6 14 27
Population size 500 800 1200
Stable initial

population size
400 640 960

Crossover rate 0.8 0.8 0.8
Mutation rate 0.4 0.2 0.2
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based on the results of an FEM analysis. Once the GA has assessed
the fitness of all grid shell designs in the population, it considers
whether the stopping criterion has been met (a satisfactory
convergence of the algorithm). The stopping criterion is met when
the population size falls below a certain threshold, or the maxi-
mum number of iterations has been reached. If an unsatisfactory
condition exists, the optimization portion of the algorithm per-
forms another iteration. Changes are made to the population by
selecting grid shell designs to be retained, discarding others, intro-
ducing new individuals, mutation of chromosomes and mating of
pairs to produce offspring. The exact mechanism is dependent on
the method selected and the parameter values (such as the muta-
tion rate, cross-over rate, and mutation scale) chosen. Fig. 9 shows
the general framework of the algorithm in Phase 2, in the optimi-
zation of the grid shell designs.

5. Validation of the two-phase methodology: preliminary
design of 6 � 6 grid shells

5.1. Description of case study problems

A series of three grid shell canopies, each covering a surface area
of 24 � 24 m is to be designed. The initial geometry is a 6 � 6 flat
square grid of nodes with spacing of 4 � 4 m (Fig. 10). Three grids
are overlaid on one another, one in the node grid direction and two
orientated at 45 degrees to the node grid direction. This grid is
relatively coarse and the initial choice of spacing depends on a
number of factors including the loading on the shell and the type
of cladding system. The boundary conditions for the three canopies
differ: the first grid shell is linearly pin supported on all four sides,
the second on two opposite sides and the third on three sides. The
shape variables are discrete, with possible values taken from the
set {�1.0 m, �0.9 m, . . . 0.0 m, 0.1 m, 0.2 m, . . . 1.0 m} (Dxmax and
Dymax are both equal to 1 m). For all computations hollow, circular
steel cross sections, with an outer diameter of 8.89cm and a wall
thickness of 8 mm were chosen based on Standard European
manufactured steel sections. The density of steel is assumed to
be q = 7850 kg m�3. The yield stress of the steel, rmax = 355 � 106

N m�2, is assumed, while the Young’s modulus is taken as
l initial connectivities.



Table 2
Comparison of grid shells after Phase 1 and Phase 2 of the two-phase method. The
values in the table represent the constraint values of the grid shells before Phase 2.

Case Mass
after
Phase 1
(kg)

Mass
after
Phase 2
(kg)

Buckling
constr. after
Phase 1

Buckling
constr. after
Phase 2

Mass
reduction
Phase 1 ? 2
(%)

1 9956 5098 0.759 0.99 48.8
2 11,260 7330 0.8325 0.99 34.9
3 10,484 6048 0.96 0.99 42.3
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E = 2.0 � 1011 N m�2. The minimum span of 24 m, is used to calcu-
late the limit value of the deflection constraint. An evenly distrib-
uted vertical gravity loading of magnitude 3 kN m�2 is considered
for the purposes of the optimization procedure. This loading takes
an estimate of the grid shell self weight and a static evenly distrib-
uted load (such as snow) into account for the purpose of the
demonstration.

5.2. Computation and convergence

Due to varying degrees of symmetry, the size of the three opti-
mization problems varied, with more variables needed to describe
the problems with two and three pinned sides. The GA parameters
used for the three computations are summarized in Table 1. The GA
parameters are adjusted until, for 10 runs of the problem, a majority
of the solutions converged to the minimum solution. The popula-
tion size parameter represents the number of generated designs
in the initial population of the GA and which may become smaller
after the first iteration of the GA. The stable initial population size
is the number of grid shell designs in the initial population which
are generated with kinematic stability (see Section 4.2.5). The
crossover rate and mutation rate are defined in [32] and further de-
tails of the genetic algorithm used can be found in [35].

5.3. Designs resulting from the two-phase form-finding and
optimization procedure for the 6 � 6 grid shells

Phase 1, the form-finding, yields three initial global forms
(Fig. 11) that, under evenly distributed gravity load, experience
Fig. 11. The three grid shell forms obtained after Phase 1, the form-find

outer tier
middle tier

inner tier

Fig. 12. The three grid shells obtained after Ph
only membrane behavior, and no bending. A height to span ratio
(1:5), corresponding to a good arch form, is achieved for all three
grid shells. Several parameters are at the designers disposal to
steer the form-found shape of the structural surface. In the form-
finding procedure, one starts from an initially two-dimensional
surface. Within this surface, many different flow of force trajecto-
ries exist that lead to the supports. The engineer Heinz Isler[36],
who exclusively used physical form-finding techniques, exploited
cutting pattern (shape and bias), orientation of anisotropy of mate-
rials and materials properties as tools to drive his shell shapes. In
the presented case studies, the initial grid was chosen for the
purpose of this study to: (1) be a 4 � 4m quadrilateral orthogonal
triangulated grid, positioned flush with the boundary supports and
to (2) have identical material and geometric properties for all
elements. The applied loads were chosen in function of the elastic
stiffness of the elements. The resulting shapes are shown in Fig. 11.
The effects of changing four shape drivers in the case studies are
discussed next. In cases 2 and 3, the form-found shape could have
ing. These topologies represent the ground structures for Phase 2.

ase 2, the grid configuration optimization.
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Fig. 13. Changes in the optimal topology and nodal positions with increasing evenly distributed loading.
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exhibited bent edges, ideal stiffeners, along the free edge(s) of the
shell. (i) To steer the shape in that direction, the initial free edge(s)
in the two-dimensional (2D) grid would have to be extended be-
yond the support line. (ii) By orienting the initial 2D grid, not flush
with the boundary supports but on the bias of the opposing end
supports, surfaces 2 and 3 exhibit substantial form changes. The
regions near the free edge flare up exhibiting negative Gaussian
curvature. (iii) Further initial shape manipulation could take place
by starting solely with a orthogonal quadrilateral grid, incapable of
resisting membrane shear. Such an initial 2D surface can be de-
formed by shear action, resulting in more doubly curved surfaces
especially for cases 2 and 3. (iv) By manipulating the elastic stiff-
nesses of different element (groups) with respect to the applied
load, the designer can mostly control the height of all three
form-found shells.

Fig. 12 depicts the grid shells obtained after Phase 2 of the pro-
cedure, the grid configuration optimization. A comparative study
(Table 2) of the steel mass of the grid shells before and after Phase
2 of the procedure shows that significant reductions in the mass of
the grid shells can be achieved through grid configuration optimi-
zation, while respecting the constraints4 on the deflection, local
stress and buckling of the elements. The form found grid shell de-
signs, achieved after Phase 1, do not violate any of the constraints.
The buckling constraint values (column 4 of Table 2) are near the
limit permitted in two of the examples. From an analysis point of
view the engineer may deem these form found grid shell designs
to be efficient and very acceptable for implementation. However,
these designs can be vastly improved through grid configuration
4 The constraint values have been normalized such that their limit value is 1.

5 An active constraint is the inequality constraint g 6 1 which approaches its limi
value as the optimal solution is approached (limg?1(f ? fmin)).
optimization (column 6 in Table 2), as can be seen from the mass
reduction achieved through optimization, in this case between 35%
and 50%. After Phase 2 the buckling constraints are near their limit
values (column 5 in Table 2), while the topology and nodal positions
of the shell grid have changed significantly compared to the initial
grid configuration.

Case 1 (Fig. 12a) displays a very distinctive grid configuration:
the outer and inner element tiers have no diagonal bracing, except
at the corners of the outer tier, while the middle tier is triangulated
to brace the grid shell. Cases 2 and 3 (Fig. 12b and c) display less
intuitive triangulated grid configurations, with the exception of
the unsupported edges. More material is found at the top of these
edges to stiffen them and prevent violation of the deflection con-
straint at the edges.

The so-called ‘active constraint5’ plays an important role in the
solutions. As a demonstration: suppose the loading is arbitrarily in-
creased in incrementally from 3 kN m�2 to 8 kN m�2. For small load-
ing (e.g. 3 kN m�2) the limits on the nodal positions are the active
constraints (Fig. 13). Upon increasing the loading to 5 kN m�2 the
buckling constraint becomes active. Several of the nodes shift posi-
tion relative to the previous case (from a in Fig. 13a to a0 in
Fig. 13b) to reduce the buckling lengths of critical elements. How-
ever, the topology remains unchanged. For a loading of 7 kN m�2

the topology changes dramatically, forming two bands of material
with less material at the corners, since these represent the longest
load paths. When a loading of 8 kN m�2 is applied the topology is
modified so that this form is made more prominent with the
t
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addition of 4 new elements. The loads are redistributed so that the
critical elements in the previous case do not buckle under this higher
loading. Due to the curved shell surface, elements crossing one an-
other do not intersect.

Further investigation can carried out on the structures to assess
their feasibility as designs. For these purposes commercial finite
element software was employed and several other load cases and
combinations were considered, including asymmetric snow and
wind loading. It was found that the most sensitive structure to glo-
bal buckling under asymmetric loading was Case 2, the barrel
vault.
6. Conclusions and future prospects

Grid shells have re-emerged as an important structural typol-
ogy in recent years. Free form shells are structurally inefficient
and costly, while grid configurations are often chosen with little
consideration of structural efficiency. The approach in this paper
offers solutions to these problems by suggesting a two-phase
method: form-finding followed by a refinement of the grid config-
uration. The case study of three grid shells with the same span but
different boundary conditions demonstrates the viability of this
method as a preliminary design tool for grid shells. The configura-
tion of the grid shell elements found in the case study are dissim-
ilar to the traditional repeated pattern of regularly spaced
elements for grid shells. By allowing for an optimization of the grid
shell configuration, very significant reductions in mass (up to
nearly 50%) were realized. As a further development of this method
the sizing variables could be included in the problem formulation.
As with the design of the courtyard roof for Dutch Maritime Mu-
seum [3], one cross section dimension (such as the height of an
I-beam element) can be constant for all elements, while others
can vary. This improves ease of connection of elements, while
allowing for sizing optimization. While only one loading case
was considered in this study and only the mass minimized, the de-
signer may wish to consider a number of loading cases and/or
objectives. This problem can be addressed through multicriteria
optimization. An extension to the multicriteria case would increase
the relevance of the method as a design tool. The same is true for
the constraints considered. Constraints such dynamical behavior
have not been considered in the study. Taking these constraints
into account would also increase the applicability of the design
method. GA’s can easily be adapted to consider multiple objectives
and constraints. This adaptability is one of the key factors in the
decision to implement them in this study. Free form grid shells
have been mentioned several times in the text. One fruitful avenue
for further research would be to use form-finding as a technique to
find structurally efficient approximate forms for free form struc-
tures. The two-phase approach presented could easily be adapted
to significantly improve the performance of free from grid shells
in this way. Furthermore, it may be of interest to combine the
form-finding and grid configuration optimization into one, concur-
rent, iterative process optimization process since the gird configu-
ration effects the global form in a form-finding procedure [37]. This
valuable extension is currently under development [38] however
requires the overcoming of very significant obstacles. The compu-
tational cost of GA’s for discrete topology problems is relatively
high, while large problems tend to experience convergence prob-
lems. One major cause of this is the kinematic stability constraint
which causes difficulties in larger problems. One way of dealing
with this could be to integrate so-called Kinematic Stability Repair
[32]. It should be noted that many of the form-finding techniques
mentioned in the literature review, could be used as a tool to
generate a structural surface that exhibits only membrane action
under the considered load. Finally, the grid configuration of the
grid shells in the case study consist of combinations of triangulated
and quadrilateral facets. To improve constructibility, future
development of this method may include forced planarity of the
quadrilateral grid facets.
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